Abstract. We describe convex sets on the ( 
Introduction
The well known Bochner-Riesz operators B for Re α ≤ n+1 2 , J ν being the Bessel function. One of the most interesting problems in the theory of operators (1.1) consists in establishing L p -L q estimates for them. The first results in this area, pertaining to the case p = q, are due to E. M. Stein, Ch. Fefferman, P. Sjölin and others (a comprehensive survey of these results and corresponding references are given in [13: Chapter IX]). The case p = q is more complicated and also very interesting. Due to the oscillation of the Bessel function at infinity, it is possible to construct convex sets in the ( bounded from L p into L q . Such sets were constructed in [2] , where the author dealt with the case 0 ≤ α ≤ n+1 2 . The goal of the present paper is to consider operator (1.1) for complex α with 0 < Re α < n+1 2 . At the same time, even in the case of real α we obtain stronger results in comparison with those presented in [2] : we fill in some gaps contained in the main theorem of [2] (see Remark 2.1). To establish the mentioned results, we develop a new approach to L p -L q estimates for potential-type operators with oscillating kernels. It is based on the investigation of mapping properties of some potentials with radial characteristics oscillating at infinity (see Theorem 4.2) . This approach can also be applied to operators in a wide class containing, in particular, the acoustic potentials and Strichartz-type potentials over R n with oscillating characteristics, which are known to be operators of essentially different nature. Such applications will be given in other papers.
At present time, there is great interest in potential-type operators (see the books [11, 12] , the survey papers [5, 6, 10] and the bibliography therein). Nevertheless, the investigation of mapping properties of potentials with oscillating kernels is at the very beginning. Besides the mentioned papers dealing with the Bochner-Riesz operator, one can point out only the papers [7, 8] (see also [6] ), which are devoted to L p -L q estimates for acoustic potentials and Riesz potentials with the characteristic e i|t| , respectively. The paper is organized as follows: In Section 2 we formulate our main result (Theorem 2.1) and give some comments. Section 3 contains necessary preliminaries. Section 4 can be regarded as background to the proof of Theorem 2.1. Here we prove some statements related to L p -L q estimates for the operator S for 0 < Re α < n where the function a is sufficiently smooth on (A, ∞] and such that a(∞) = 0. We first consider the case when a(r) ≡ 1 in (1.2) (Theorem 4.1) and then pass to a more general situation (Theorem 4.2). We note that Theorems 4.1 and 4.2 are of special interest themselves because, as was mentioned above, they can be applied to obtain L p -L q estimates for a wide class of operators. Therefore we prove them for all α with 0 < Re α < n, although to prove Theorem 2.1 we may restrict ourselves to the case n−1 2 < Re α < n only. Finally, Section 5 is devoted to the proof of Theorem 2.1.
The main result
Let 0 < Re α < n. Everywhere below we use the following notation: (A, B, 
.
To formulate our main result, we introduce the set
if n ≥ 3 or if n = 2 and Im α = 0, and we put
for n = 2 and Im α = 0. The main result of the paper is contained in the following theorem (see also Picture 1).
Remark 2.1. We note that the main theorem from [2] (related to the case of real α with 0 ≤ α ≤ 
(B , B) \ {D} for n = 2 and α = 1.
Theorem 2.1 (which covers the case of complex α as well) gives a positive answer to this question (for 0 < α < 1 2 only partially) if In the case of complex α the question on the boundedness of the operator B α in these regions still remains open. Nevertheless, in the case of operator (1.2), which is important for applications, we prove statements 1) and 2) for 0 < Re α < n. 
Preliminaries
where 
n+3 .
Some auxiliary statements
Here we study mapping properties of operator (1.2). We first dwell on the case a(|y|) ≡ 1; the corresponding operator is denoted by S 
is valid. 
II. The set L(S
Proof. To prove statement I, we first establish the estimate
the constant C not depending on ϕ, where
and S is the Schwartz class of rapidly decreasing smooth functions. We split S
To estimate the series on the right-hand side herein, we need the following lemmas.
(For the rest of the proof of Theorem 4.1 the same letter C will be used to denote various constants not depending on and not necessarily the same at each occurrence.) (1 + |ξ|)
hold.
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Proof. By the Bochner formula we havê
Let first |ξ| ≤ 1 2 . Applying [1: p. 92/Formula (7)], interchanging the order of integration and integrating the inner integral by parts k times, k = [Re α] + M + 1, we arrive at the equalitŷ
which yields (4.5).
Let now |ξ| > 1 2 . Making use of formula (3.1) with m = 0, we get
where
From here we derive (4. 
With the aid of Lemma 4.1 we get
To evaluate J 2 , we invoke the following restriction theorem for the Fourier transform:
(4.11) (see [14] for 1 ≤ p < 
Gathering the above estimates, we arrive at (4.10)
The next lemma deals with L p estimates for the operator S 
and applying Lemma 3.1, we get
n+3 . Applying (4.13) to each summand on the right-hand side of (4.4), except for the first one, in view of (4.12) we obtain the statement of Lemma 4.3 in the case 1).
Consider the case 2). Letting p =

2(n+1)
n+3 in (4.13) we have
(4.14)
by Lemma 3.1. Interpolating between (4.14) and (4.15), we obtain 
2 −α as |ξ| → 1 and
Moreover,k α (|ξ|) is bounded outside of the mentioned neighborhood.
The statement of this lemma can be derived from Lemma 3.1 and [3: Lemma 2] .
Returning in Theorem 4.1 to the proof of (4.2) under assumption (4.3), we note
Re α n , and that the statement of the Sobolev theorem is valid for the operator S α . From this fact, by convexity and duality arguments we derive (4.2) for all points
(4.17)
Proceeding, we first consider the case n 2 ≤ Re α < n for n ≥ 2. Taking into account estimate (4.10) and the evident estimate n . Applying (4.18) to each summand on the right-hand side of (4.4), except for the first one, in view of (4.12) we obtain (4.2) if (t(n(
n+3 . Now applying (4.20) and (4.12) to the right-hand side of (4.4), we obtain (4.2) if the point (
Making use of (4.18) with t = 1 and (4.15), after interpolation we get
2(n+1) . Further application of (4.22) to the right-hand side of (4.4) yields (4.2) if (
By virtue of (4.17), (4.21) and (4.23) and convexity and duality arguments we obtain (4.2) in the case 
in view of Lemma 4.3 (statement 2)). By virtue of (4.17) and (4.25) and by usual convexity and duality arguments we also arrive at (4.2) for (
3). Direct analysis of the proof of the main result from [2] shows the validity of (4.2) in the case n = 2 and 
This is a consequence of the definition of L(α, n) and statements I and II/items 1) -2) of Theorem 4.1. is valid, which can be proved in just the same way as (4.13). Now (4.36) yields (4.34) by (4.35)
